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We study the far-from-equilibrium properties of quenched magnetic nanoscopic classical spin
systems. In particular, we focus on the interplay between lattice vibrations and magnetic frustrations
induced by surface effects typical of an antiferromagnet. We use a combination of Monte Carlo
simulations and explore the dynamical behaviours by solving the stochastic Landau-Lifshitz-Gilbert
equation at finite temperature. The Monte Carlo approach treats both the ionic degrees of freedom
and spin variables on the same footing, via an extended Lennard-Jones Hamiltonian with a spin-
lattice coupling. The zero temperature phase diagram of the finite size nanoscopic systems with
respect to the range of the Heisenberg interaction and the Lennard-Jones coupling constant shows
two main structures with non-trivial magnetisation triggered by antiferromagnetism: a simple cubic
and a body-centred cubic. At non zero temperature, the competition between spins and the ionic
vibrations considerably affects the magnetization of the system. Exploring the dynamics reveals
a non-trivial structural induced behaviour in the spin relaxation with a concomitant memory of
the initially applied ferromagnetic quench. We report the observation of a non-trivial dynamical
scenario, obtained after a ferromagnetic magnetic quench at low temperature. Furthermore, we
observe long-lived non-thermal states which could open new avenues for nano-technology.
Many-body systems comprise a wide range of systems,
from simple metals, organic molecules, all the way up
to cells. While their physics can be extremely rich, this
complexity is however often irrelevant, as such systems
will typically - at equilibrium - thermalise, a process
through which most information about their prepara-
tion history and their initial state is lost [1, 2]. This
behaviour is typical for ergodic systems in the thermody-
namic limit and allows to calculate physical observables
and make predictions that can be measured and tested.
However, ergodicity can be broken out-of-equilibrium [3],
in particular by inducing non-thermal states that keep a
memory of their initial condition for long times. Those
peculiar behaviours have been explored in novel non-
equilibrium phases of matter, which includes Floquet
symmetry protected topological phases [4] and time crys-
tals [5, 6]. While bulk systems have been extensively in-
vestigated, nanoscopic systems remain open to questions.
Recent progress in nano-engineering and the design of
nanoscopic systems, such as nano-magnets made of sin-
gle atoms arrays as memory devices [7], has opened new
possibilities to explore quantum states in systems where
thermalisation is not obtained, in particular for quenched
and periodically-driven systems. Indeed, it has been ob-
served that finite size effects allow these systems to keep
a much better local memory of their initial conditions [8].
Experimental advances in manipulation and switching of
the magnetization - possible even at the femtosecond level
[9]- have triggered new studies in spin dynamics towards
the microscopic understanding of the emerging relaxation
time scales in nanoscopic systems. Particular attention
has been paid to cases where antiferromagnetic order is
involved [10, 11] : in these systems the contribution of the
uncompensated spins at the surface trigger exotic phe-
nomena which are not analitycally tractable and whose
precise understanding is still unknown. To that end, new
mechanisms for slow relaxation and non-ergodicity might
have potential implications for the design and control of
novel quantum non-equilibrium materials and devices.
In this work, we propose a study of the dynamics of a
typical many-body nanoscopic system in which the relax-
ation processes involve both the structure and magnetic
moments. As describing the time evolution of quantum
coupled magnetic moments and ions is beyond the reach
of current state-of-the-art approaches, we will consider in
this work the quenched and driven classical spins, in the
presence of long-range magnetic interactions coupled to
the lattice dynamics. We first focus on the interplay of
the local ordered magnetic moments and the lattice dy-
namics at finite temperature. This provides a structural
phase diagram, where the ordered phase is characterized.
Next, we extend the equilibrium calculations to a ferro-
magnetic quench. We go on to study the equilibrium
and out of equilibrium properties using a combination
of Monte Carlo simulations - already widely applied in
the characterization of bulk systems [12, 13] - and atom-
istic spin dynamics, [14, 15], respectively. The dynam-
ics are explored through the numerical implementation
of the Landau-Lifshitz-Gilbert [16] equation extended to
deal with finite temperatures within a Langevin dynam-
ics framework. We demonstrate slow relaxation and pos-
sible non-ergodicity in non-disordered nanoscopic many-
body systems through the magnetic quench of typical
nano-particle systems.
Equilibrium Properties: Spin-Lattice Hamiltonian
We consider a cluster in a spherical shape with radius
R and simple cubic structure (SC) with unitary lattice
constant. The total lattice-spin Hamiltonian of the clus-
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2Figure 1: (colors online) Zero temperature structural
phase diagrams with respect to the interaction range α
and the Lennard Jones potential K. Dashed lines are
guides to the eyes and distinguish three different
structural regions characterized by the following
geometries: simple cubic (SC), body-centered-cubic
(BCC) and hexagonal-closed packed (HCP). Shaded
colours indicate the presence of antiferromagnetic order
(MO). The arrows represent one possible spin
configuration for the collinear magnetic order (at
Q = (pi, pi, pi)/a for SC and Q = (0, 0, 2pi)/a) and
magnetic disorder for the HCP. The size of the system
in analysis is 123 sites.
ter reads as follows:
H(Si,Sj , dij) =−
∑
i,j
J(dij)Si · Sj+
+K
∑
i,j
[(
d0
dij
)12
− 2
(
d0
dij
)6] (1)
where Si are O(3) unitary |S| = 1 spins ruled by a
fully connected Heisenberg hamiltonian with an inho-
mogeneous antiferromagnetic super-exchange coupling
J(dij) = J0 e
−αdij where J0 is the antiferromagnetic
nearest neighbour interaction. The α parameter scales
the range of the interaction: as α decreases the inter-
action becomes long range. The exchange interaction
function J(dij) can be tuned from ab initio calcula-
tion or experimental results [14, 17, 18]. The lattice
deformation is constrained by a Lennard-Jones (LJ)
potential with a normalised unit distance (d0 = 1).
We use extended Monte Carlo Metropolis calculations
with both spins and ionic displacements update [17–20].
The competition between the Heisenberg term and the
Lennard-Jones potential, respectively tuned by α and
K parameters introduced in Eq.(1), stabilizes three
different ground state structures (Fig.1): simple cubic
(SC), body-centered cubic (BCC) and hexagonal close
packed (HCP). These structures are obtained either if
the system optimizes the super-exchange potential or the
Figure 2: (colors online) Temperature dependent
behavior of the magnetic order parameter obtained
running equilibrium simulations with (sim(2)) and
without (sim(1)) considering the coupling of the spins
with the lattice deformation. The two structures
considered are SC (orange) and BCC (violet).
ionic interactions (LJ). When the dominant contribution
to the energy is the exchange term, the structure is
SC, with a concomitant lattice compression. Indeed
the SC structure accommodates the largest number of
non-frustrated antiferromagnetic bonds in 3D. For larger
K, we obtain a competition between the exchange and
LJ terms. This drives a structural transition towards a
BCC structure, which increases the coordination num-
ber, albeit retaining an ordered spin structure with pitch
vector (q = (0, 0, 2pi/a)). These two cases show magnetic
order (MO). For K >> 1 the leading contribution comes
from the LJ potential, and the system increases further
its coordination number losing the magnetic order in
favour of the more compact HCP structure. We point
out that our case differs from the structural relaxation
of Lennard-Jones clusters with zero spins which has
been widely studied [21]. Indeed, although the structure
is not magnetically ordered, there is a local magnetic
optimization which introduces corrections to the ener-
getics. To summarize, we note that the spin-exchange
and Lennard-Jones terms are competing in a non trivial
fashion in presence of antiferromagnetic interaction: on
the one hand, the Lennard-Jones term favors the most
compact structure, e.g. the HCP, albeit this phase is
magnetically frustrated, and on the other hand the
optimal phase to accommodate anti-ferromagnetism in
3D is the regular cubic lattice. This leads to a very rich
phase diagram at zero temperature, as mentioned above,
but also induces non-trivial effects at finite temperature.
We now turn to finite temperature calculations. We first
investigate the magnetic phase diagram of the structures
with zero temperature magnetic order, obtained in Fig.1
in absence of the ionic motion. In Fig.2 we report the
3temperature dependent magnetic order parameter. The
magnetic order parameter of the SC phase (SC(1)) is
stable until T ≈ 3 [J0], whereas for frustrated BCC
phase (BCC(1)) we find a less stable magnetic phase
(magnetic for T < 1.8 [J0]). However, once both the spin
and ionic potential are considered (SC(2), BCC(2)), we
observed that both structures are magnetic for T < 0.6
[J0], but the processes leading to the paramagnetic phase
are very different. For the SC phase, we observe that
the drop of magnetization is concomitant with a loss of
the structural properties, as the lattice starts melting at
T ≈ 0.6 [J0], whereas the BCC structure survives above
this temperature, and undergoes a magnetic transition
towards the paramagnetic phase due to magnetic fluctu-
ations (further details are included in suppl. mat. Fig.1).
Dynamical response to a ferromagnetic quench As we
observed that the structural properties are conserved at
low enough temperature, we now want to turn the discus-
sion to the dynamical magnetic properties of the nano-
structures stabilized so far at equilibrium, by running
spin dynamics simulations. The Landau-Lifshitz-Gilbert
(LLG) equation has been numerically solved by replacing
the spin operators of the Heisenberg Hamiltonian with
classical angular momentum vectors. The evolution of
each spin can be seen as its precession around an effec-
tive field Ωi = −
∑
j 6=i JijSj induced by the neighbouring
spins. Furthermore, to induce energy dissipation, the sys-
tem is physically embedded by a thermal bath at constant
temperature, mathematically represented by a stochastic
field and a dissipative term in the equation. The differ-
ential equation of motion reads
dSi
dt
=
1
~
[Si × (−Ωi + hi)− γSi × (Si × (−Ωi))] (2)
where hi a Gaussian distributed white noise with
zero mean and vanishing correlator < hi(t)hj(t′) >=
µδi,jδ(t, t
′), representing the stochastic field. Its value at
each time step ∆t is hα,i = η
√
µ/∆t with α ∈ {x, y, z}
being the cartesian coordinate and i referring to the site
label, η ∼ N (0, 1) is a random variable sampled from the
standard normal distribution. γ is the Gilbert dissipation
parameter related to the stochastic field through the fluc-
tuation dissipation theorem (FDT) [22, 23] µ = 2γkBT
at equilibrium. We point out that γ is a dimensionless
parameter that can be extracted directly from the spin
dynamics simulation or by comparison with Monte Carlo
calculations at equilibrium. We found that both are con-
sistent within the error bars (suppl. mat. Fig.2 ). Note
that however the stochastic LLG formalism is valid irre-
spective by equilibrium or out of equilibrium conditions.
The dynamics is implemented via the Suzuki-Trotter de-
composition outlined in Ref.[24, 25] and time units have
been fixed assuming the exchange interaction being of
the typical order of magnitude of the bulk J = 0.1 eV.
Figure 3: a-b)Time evolution of the z-component Sz(t)
of all the spins (grey solid lines) in the system initially
subjected to a ferromagnetic quench: blue and red solid
line refer to two sites having opposite magnetic
moments after the transient. Results are shown for
T = 0.001, 0.1[J0](top to bottom) respectively for SC
and BCC. c) Thermal stability of the polarization of the
staggered magnetic vector in terms of P (Mz). The color
map goes from zero (red) to one (blue). Dynamics
considered up to tf = 12 ps.
Spin dynamics after a ferromagnetic quench
Since we are interested in the response of the system to
an initial out of equilibrium condition, we start from the
ferromagnetic configuration and we let the system evolve
with the exponential time evolution operator for the spins
given by Eq.(1), considering the Born-Oppenheimer ap-
proximation where the ions are frozen. At low temper-
ature (T = 0.001[J0], Fig.3 (a)) the central site of the
nanostructures (blue solid line for SC and red for BCC)
anti-aligns with respect to its initial configuration along
the z-direction under the effect of the evolution operator.
The response of the lattice to this mechanism is prompt.
Indeed the flipping mechanism diffuses from the core spin
to the surface ones (Suppl Mat Fig.S3 (c)-(d)) and the
evolution of all spins is synchronized toward the relax-
ation to the AF state by keeping a global orientation on
each of the sublattice. Red and blue lines in Fig.3 (a)-(b)
represent the evolution of the z-component of two spins
belonging respectively to the ferromagnetic sublattices A
and B. The time dependence of the local vector on each
site is also shown via the grey dashed area and shows
that the time dynamics is synchronous. We note however
that, differently from the BCC, at T = 0.0001[J0] (Fig.3
(a)) in the SC only one sublattice is evolving under the
time evolution operator, while the other is not affected by
the dynamics, and the orientation of the initially applied
ferromagnetic field B is kept (red solid line). This non-
4trivial and interesting dynamics is triggered by the ex-
change coupling between the sublattices in the AF phase
when the system is initially prepared out of equilibrium.
The spontaneous locked polarization of the magnetisa-
tion in the SC is due to its intrinsic weak ferromagnetic
component. Indeed, even if both SC and BCC are able
to stabilize a Néel order along all the directions, they
differ for the number of uncompesated spins (10% SC
and 0.1% BCC ). Thus while for BCC the flipping mech-
anism has ≈ 2 ps time scale, the long time dynamics
reveals that for the SC it happens at t ≈ 0.4 ns for fixed
T = 0.001[J0] (See Fig.S6 (a) Suppl Mat ). We now
turn to the discussion of the time evolution at higher
temperatures T = 0.1[J0] (Fig.3 b) where the systems
are still magnetic. We observe that while for the BCC
ergodicity is recovered, for SC the obtained time evolu-
tion is similar to the T = 0.001[J0] case with thermally
activated small oscillations around the initial quenching
field direction B. The picture shown so far for short time
window (tf=2 ps) is extended for longer time simulations
(tf=12 ps) and Fig.3 (c) shows the thermal stability of
the polarization of the staggered magnetic vector in terms
of P (Mz). We hence observe in the SC long-lived non-
thermal states, which are non-trivial topologically pro-
tected states driven by the interplay of the initial quench
and long-range interactions. On the other hand in the
BCC, whose structure is not bipartite, the intrinsic mag-
netic anisotropy due to the geometry does not stabilize
a long-lived memory effect against thermal fluctuation.
Adding a static field Interestingly, time trans-
lational symmetry observed in the transient in Fig.3
(a) is explicitly broken when an applied magnetic field
h → h˜ = h + hext[1, 1, 1], pointing along a different
direction from the quenched field, is switched on (Eq.
[2]) after the ferromagnetic quench. Indeed the spin
dynamics after the quench, and upon an applied field,
shows a periodic behaviour. Here we consider a small
external field (hext = 0.01, 0.1) and we observe the
dynamics in the temperature regime where the effects
of the small field are not washed away by thermal
fluctuations. Fig.4 (a) shows that while for the BCC the
staggered magnetic vector stabilizes along the direction
of the field, in the SC the dynamics is characterized by
long-lived oscillations and the alignment is recovered at
t = 20 ps for T = 0.001[J0], hext = 0.1 (Fig.S6 (b) suppl.
mat.). Thus in the SC the spin dynamics after the
quench is characterized by two time scales. Firstly at
the femtosecond level the antiferromagnetic interaction
brings the system toward its energy minimum (from a F
to AF configuration): the spins after the ferromagnetic
quench follow the same relaxation as in absence of
applied field at first, and form an AF state. Secondly at
larger time scale the AF state symmetry is maintained
and the spins precess around the (1,1,1) direction: this
Figure 4: a-b) Time evolution of the z-component Sz(t)
of all the spins (grey solid lines) in the system initially
subjected to a ferromagnetic quench at t = 0 and a
static field for t > 0. Blue and red solid line refer to two
sites having opposite magnetic moments after the
transient. Results are shown for different temperatures
and values of the fields (top to bottom) respectively for
SC and BCC. c) Time evolution of the x and
z-component of the spins S(t) in the system initially
subjected to a ferromagnetic quench at t = 0 and an AC
field for t > 0. The black dashed line refer to the applied
AC field cos(2piωt). Bloch sphere representation of the
spin configuration on two different sites (blue and red)
having opposite magnetic moments in the steady state.
not trivial dynamics which brings the system towards
the alignment along the direction of the external field
is characterized by observable timescale (Fig.S6 (b) For
hext = 0.01 and T = 0.0001[J0] the alignment is recov-
ered at t = 2 ns.) The arising of this intermediate phase
between the AF stabilization and the alignment with
the external field, characterized by a periodic response
of the system to a static field, is exclusively triggered
by the uncompensated spins in the AF nanocluster.
The scenario at T = 0.01 and hext = 0.01 (Fig .4b
) shows that the periodic phase is even stronger for
higher temperature and smaller field than the effect of
the field itself: indeed while in the BCC the thermal
fluctuations destroyed the effect of hext in the SC the
periodic oscillations are still evident. Thus we discover
5an interesting phase of the transient triggered by the AF
interactions in a finite system where the response of the
system to a static field shows a periodic behaviour. Its re-
laxation time scale can be observed, tuned and extended.
Adding an AC field The last question we want to
address concerns the response of the SC system to an
AC field h → h˜ = h + hext cos (2piωt)[1, 1, 1]. Fig.4 (c)
shows a peculiar dynamics of the spins in the SC struc-
ture: indeed even if the field is applied isotropically, the
system shows anisotropic periodic response. In partic-
ular the sz component of the spins oscillates with half
of the period of the applied field, differently from the
sx,y which retain the natural frequency. Thus, the ini-
tial ferromagnetic quench and the oscillating applied field
prevents the spins from completing a full precession, and
instead the covered phase space is limited to a portion
of the AF precession circles (see Fig.4 (c)). The spin
trajectories explicitly break the time invariance observed
in Fig.3 (a), and enter into a periodic motion that lasts
beyond the largest time considered in our calculations
(≈ 1 ns, Fig.S6 d). This non-trivial time translational
symmetry breaking, which protects the Z2 topology of
the spin trajectories for macroscopic time scales , bears
similarities with the recently time crystal observed ex-
perimentally in magnetic systems (Ref [5] ). In our cal-
culations, the time-crystal phase (TC) stems from non-
thermal states triggered by the non-trivial dynamics ob-
tained after the quench, when, at T=0.0001, only one of
the bipartite sub-lattice evolves with time, whereas the
other sub-lattice stays aligned with the applied magnetic
field B = (0, 0, 1), and remain topologically protected
upon application of AC field. At finite but small temper-
atures this dynamics breaks the time translational invari-
ance and the spherical symmetry of the spins and in turn
provides a nanoscopic time crystal with the magnetic vec-
tor aligned along a preferred orientation (induced by a
combination of the initial quench and applied magnetic
field). In the time crystal phase we observe non thermal
states and violation of the FDT (Fig.S4 (a)). At large
enough temperature, we recover a relaxation in thermal-
ized states up to T = 1 [J0] (AF phase). For higher tem-
peratures the system is toward its paramagnetic state and
the spins lose their synchronous dynamics (PM phase).
Conclusions In conclusion we provide results of the
role of the spin-lattice coupling in the equilibration of
antiferromagnetic nanoscopic system, both at zero and
finite temperature. We then focus on the spins quenched
dynamics in a temperature regime which foregoes the
melting of the magnetic moment. We demonstrate
slow relaxation and non-ergodicity in non-disordered
nanoscopic many-body systems induced by the initial
magnetic quench. The non-thermal states persist in the
presence of experimentally controllable classical thermal
noise and the signatures of metastability are uncovered in
situations where non-ergodicity is only transient due to
dissipation. We develop experimentally accessible wit-
nesses and measures of the breaking of the ergodicity,
via the correlation of the order parameter and thus the
magnetic relaxivities, which enable future experiments to
characterize through observations the properties of non-
equilibrium phases of quantum matter. Our work lays
out foundations for future experiments in small antifer-
romagnetic nanoparticles. In particular, for antiferro-
magnetic SC structures such as perovskites (e.g. LaTiO3
[26]) and BCC, widely represented by binary compounds
such as MnO2, CuO. Furthermore it provides numerical
results for future realization of antiferromagnetic mem-
ory devices where magnetocrystalline anisotropy [8] and
tunability of the exchange coupling [27] play a crucial
role.
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Monte Carlo simulation: melting and demagnetization trade off
We provide here the complete picture related to the competition between the spin-exchange and Lennard-Jones
terms at finite temperature. We investigate the magnetic phase diagram of the structures with zero temperature
magnetic order, simple cubic SC and body centered cubic BCC, obtained from the relaxation process at T = 0. As
reported in the main text, in absence of the ionic motion, the magnetic order parameter (Fig.1) of the SC phase
(SC(1)) is stable until T ≈ 3 [J0], whereas for frustrated BCC phase (BCC(1)) we find a less stable magnetic phase
(magnetic for T < 1.8 [J0]). However, once both the spin and ionic potential are considered (SC(2), BCC(2)), we
observed that both structures are magnetic for T < 0.6 [J0], but the process leading to the paramagnetic phase are
very different. For the SC phase, we observe that the drop of magnetization is concomitant with a loss of the structural
properties, as the lattice starts melting at T ≈ 0.6 [J0] (as shown in the left side panel), whereas the BCC structure
survives above this temperature (top panel), and undergoes a magnetic transition towards the paramagnetic phase
due to magnetic fluctuations.
Figure S1: (colors online) Temperature dependent behavior of the magnetic order parameter obtained running
equilibrium simulations with (sim(2)) and without (sim(1)) considering the coupling of the spins with the lattice
deformation. The two structures considered are SC (orange) and BCC (violet). Top and left panels show the
structures obtained at finite temperature.
Spin Dynamics simulation
Benchmark of stochastic time dependent calculations against Monte Carlo simulations
Insights on the dynamical magnetic properties of the nano-structures stabilized so far at equilibrium, are obtained by
running spin dynamics simulations. The Landau-Lifshitz-Gilbert (LLG) equation [S1] has been numerically solved by
replacing the spin operators of the Heisenberg Hamiltonian with classical angular momentum vectors. The evolution
of each spin can be seen as its precession around an effective field Ωi = −
∑
j 6=i JijSj induced by the neighbouring
spins. Furthermore, to induce energy dissipation, the system is physically embedded by a thermal bath at constant
temperature, mathematically represented by a stochastic field and a dissipative term in the equation. The differential
equation of motion reads
dSi
dt
=
1
~
[Si × (−Ωi + hi)− γSi × (Si × (−Ωi))] (3)
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Figure S2: Magnetic order parameter in function of temperature obtained for two different systems (Simple Cubic
(SC) in blue and Body Centered Cubic (BCC) in red). The grey shaded regions represent the Langevin statistics.
The inset shows the match between the temperature obtained with the Langevin Spin Dynamics (LSD) and the
Monte Carlo heatbath result.
Figure S3: a-b)Time evolution of the z-component Sz(t) of all the spins (grey solid lines) in the system initially
subjected to a ferromagnetic quench: blue and red solid line refer to two sites having opposite magnetic moments
after the transient (orange shaded region). Results are shown for T = 0.001, 0.01, 0.1[J0](top to bottom) respectively
for SC and BCC (left to right). c-d) Details of the flipping mechanism during the transient at T = 0.001[J0], which
starts from the central site toward the surface. Sites are labelled according to their distance from the centre. e-f)
Bloch sphere representation of the spin configuration at T = 0.1[J0] on two different sites (blue and red) having
opposite magnetic moments in the steady state.
wihere hi a Gaussian distributed white noise with zero mean and vanishing correlator < hi(t)hj(t′) >= µδi,jδ(t, t′),
representing the stochastic field. Its value at each time step ∆t is hα,i = η
√
µ/∆t with α = (x, y, z) being the
cartesian coordinate and i referring to the site label, η ∈ N (0, 1) is a random variable sampled from the standard
normal distribution. γ is the Gilbert dissipation parameter related to the stochastic field through the fluctuation
dissipation theorem (FDT) [S2, S3] µ = 2γkBT at equilibrium. We point out that γ is a dimensionless parameter
that can be extracted directly from the spin dynamics simulation or by comparison with Monte Carlo calculations
at equilibrium. In Fig.2, we show the magnetic order parameter obtained with heatbath simulations and the spin
dynamics. Thus the temperature obtained under the hypothesis that FDT is satisfied during the dynamics of the
spins [S4] can also be obtained by the equilibrium Monte Carlo simulation.
9Figure S4: a.) Temperature dependent behaviour of the fluctuations of the order parameter both along the time
evolution after the quench (black circles) and at the equilibrium one (green squares). The plot highlights the arising
of three different regions: time crystal (TC), magnetically ordered phase (antiferromagnetic AF) and the
paramagnetic phase (PM). The structure in analysis is the SC. The grey dashed line is square of the staggered
magnetic order parameter. b) Thermal stability of the polarization of the staggered magnetic vector in terms of
P (Mz) in the SC structure. The color map goes from zero (red) to one (blue). Dynamics considered up to tf = 12
ps and multiple run with same quenched initial conditions.
Figure S5: a) Time evolution of the z-component Sz(t) of the core spin (blue dotted line) in the antiferromagnetic
SC subjected to three different protocols. a) System initially (t = 0) subjected to a ferromagnetic quench and
subsequently let to evolve in absence of any external drive (long time dynamics of Fig.3 (a) in the main text); b-c)
Ferromagnetic quench (t=0) and a static field h = hext[1, 1, 1] at t > 0 (long time dynamics of Fig.4 (a) in the main
text) and d) Ferromagnetic quench (t = 0) and an AC field h = hext cos(ωt)[1, 1, 1] (long time dynamics of Fig.4 (c)
in the main text). Results are shown for different temperatures and hext values.
Insights on the spin dynamics results
We now want to look at the average quantities which characterize the dynamics of the structures considered and we
use the fluctuation dissipation theorem (FDT) to search for the evidence of the non-thermal states observed above.
In the following analysis we focus on the SC for which, due to its bipartite structure, the memory effect is enhanced
and resistant against thermal fluctuation even in absence of magnetic anisotropy.
In Fig.S4 (a) we calculate both the correlation of the order parameter along the time evolution after the quench and
its fluctuations at equilibrium as χq=AF(T ) (where the wave vector dependent magnetization Mq = (1/N)
∑
i Sie
iq·ri
has q corresponding to ordering wavevector defined for the bulk antiferromagnetic states q = (pi, pi, pi)/a for SC).
At equilibrium, the two quantities are related by the FDT. However out-of-equilibrium, in a case of a non-ergodic
dynamics, a violation of the FDT theorem can be observed for non thermal state. We observe indeed in our calculations
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the presence of long-lived non-thermal states obtained after the quench, violating the FDT, at temperature T < 0.01
[J0] for SC (and T < 0.0001[J0] for BCC). We hence found three different phases: i) non ergodic but magnetic (TC),
ii) ergodic and magnetic (AF) and iii) paramagnetic (PM).
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